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Ž .In this paper, the difference equation with advanced argument y n 1 
Ž . Ž . Ž . Ž Ž ..  Ž .4A n y n  B n y g n is considered. The sequence of advances g n satisfies
Ž . Ž .1 g n  nN, where N is a fixed number. The matrices A n are invertible,
Ž .whereas, in general, matrices B n are not. In this paper the notion of an ordinary
dichotomy for a linear equation with advance is given. This construction relies on a
Žvariation of constants formula obtained for the nonhomogeneous equation y n
. Ž . Ž . Ž . Ž Ž .. Ž .1  A n y n  B n y g n  f n and on the notion of admissibility of a pair of
functional spaces. It is proven that these ordinary dichotomies are not destroyed by
l1-perturbations. A theorem of existence of ordinary dichotomies is given.  2000
Academic Press
Key Words: difference equations with advanced argument; variation of constants
formula; dichotomies of equations with advance.
1. INTRODUCTION
The ideas and methods of the theory of dichotomies have found impor-
tant applications in the study of ordinary differential equations and differ-
 ence equations 1, 3, 10, 11 . This theoretical tool is considered as a
versatile device in the study of differential equations, since it provides a
general method of studying the existence of integral manifolds of solu-
tions, as well as the asymptotic behavior of solutions. In this paper we give
a dichotomic theory to the linear difference equation with advanced
argument
y n 1  A n y n  B n y g n , 1Ž . Ž . Ž . Ž . Ž . Ž .Ž .
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 Ž .4where A n is a sequence of r r invertible matrices and the matrices
 Ž .4of the sequence B n , in general, are not invertible. The sequence g
 4defined on N 0, 1, 2, 3 . . . , in general, is not constant. We will consider
Ž .  Ž .4the case of bounded advances g n  n only; that is, the sequence g n
defined on the set N, will satisfy
H1 1 g n  nN ,Ž . Ž .
Ž .where N	N is fixed. Even in the case when B n is invertible, the study
Ž . Ž .of Eq. 1 has a great interest. If g n N is constant and large, the study
Ž .of Eq. 1 is complicated if we treat it like an equation of order N. The
Ž . Ž .non-invertibility of matrices B n and the varying of the advance g n  n
Ž .does not allow us to consider Eq. 1 like an equation of higher order.
Ž .Thus, it seems to be reasonable to look at Eq. 1 as an equation with
advanced argument, rather than as an equation of order greater than 1.
To start, let us consider the example
1 1 y nŽ .11 1y n 1  y n  y n 2 , y n  . 2Ž . Ž . Ž . Ž . Ž .ž /1 1 ž /y n2 4 Ž .2
The change of variables
u n  y n  y n , u n  u n 1 , u n  y n  y nŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 1 2 2 1 3 1 2
Ž .reduces Eq. 2 to the system
u u0 1 01 1
1 2 0n 1  n , 3Ž . Ž . Ž .u u2 2
1 0 0  00 0u u23 3
1 2Ž . Ž .Ž .whose characteristic polynomial is p      1 . Although Eq.2
Ž . Ž .2 is equivalent to Eq. 3 , our method will not consist in the writing of
Ž . Ž .Eq. 1 as a linear system of higher dimension. Equation 2 has the
general solution
a  a n a 2n0 1 2y n  ,Ž . nž /a  a n a 20 1 2
Ž .where a , a , a are constants. We observe that y n is a combination of0 1 2
three linearly independent solutions,
1 1n ny n  , y n  , y n  2 .Ž . Ž . Ž .1 2 3ž /ž / ž /n1 1
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  Ž .4 1 Ž .Let us define the space S l of all sequences x n such that n x nn
is bounded. The sequence
2n n
 n  ,Ž . nž /2 n
  Ž . Žcalled in 4 a generating matrix of Eq. 2 in S the respective definition
. Ž .is given in the next section , generates a subspace of solutions of 2
2 Ž . Ž . Ž .belonging to S ; that is, given 	 C , y n  n  is a solution of 2
contained in S . On this sequential space S we have
1 mn1 n P m 1  2 , nm ,Ž . Ž .
4Ž .n
1 n I P  m 1  , m
 nŽ . Ž . Ž .
m 1
 4with the projection matrix P diag 1, 0 . Thus, if we study the solutions of
Ž . Eq. 2 in the space S l , then on this space a generating matrix may ben
defined, by means of which we may appreciate the dichotomic behavior
Ž .given by 4 .
The generating matrix is not unique. Thus, in the space S l, we mayn
consider the generating matrix
1 2n
 n  .Ž . nž /1 2
 4If we put P diag 0, 1 , then we obtain
1 mn1 n P m 1  2 , n
m ,Ž . Ž .
5Ž .
1 n I P  m 1  1, m
 n.Ž . Ž . Ž .
Ž . Ž .We observe that Eq. 3 does not have an ordinary dichotomy. But Eq. 2 ,
in the space l, has generating matrices by means of which we observe then
Ž . Ž .dichotomic behavior 4 and 5 , similar to that of linear difference systems
 without advance 1 . In this paper we wish to study these properties.
Specifically, we ask for the existence of a sequential space S and the
Ž .existence of , a generating matrix to Eq. 1 on the space S , where it is
Ž .possible that a dichotomic theory to Eq. 1 exists. In this paper we will
Ž .give a definition of ordinary dichotomy for Eq. 1 . We will show that
under certain conditions this theory is feasible. Moreover, we will give
conditions of existence of such a dichotomy.
Ž .In the construction of a dichotomic theory of Eq. 1 we find obstacles
that are not present in the treatment of the equation without advance
x n 1  A n x n . 6Ž . Ž . Ž . Ž .
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For example, general theorems of existence and uniqueness of the solution
of the initial value problem
y n 1  A n y n  B n y g n , y 0   , 7Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
Ž .are not known. The reader may verify in the example 2 that two linear
Ž . Ž .independent solutions start from the initial condition y 0  1, y 0  1.1 2
The absence of uniqueness of the general initial value problem of these
equations compels the necessity of reducing the study of these equations
  Ž .to certain sequential spaces. In 4 the Eq. 7 was studied in an appropri-
ate sequential space S , where it was possible to assure the existence and
Ž . Ž  the uniqueness of the initial value problem 7 see also Ref. 13 , where a
.similar situation is considered . Thus, the construction of a generating
Ž . Ž .matrix of Eq. 1 , which gives all the solutions of 1 contained in S , is
possible. Another complication, close to our study, is the absence of a
variation of constants formula to the nonhomogeneous equation
y n 1  A n y n  B n y g n  f n . 8Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
 In paper 5 , several variation of constants formulae appropriate for
specific sequential spaces are proposed. None of those formulas is ade-
Ž .quate for the construction of the dichotomic operator for Eq. 8 , since
Ž .they were obtained from Eq. 1 by treating this equation as a perturbation
Ž .of the equation without advance 6 . In this paper we give a variation of
Ž . Ž .constants formula to Eq. 8 in terms of the generating matrices of Eq. 1 .
 Such an approach was not used in 5 .
To the best of our knowledge, a systematic study of the dichotomic
properties of a system has not been accomplished. We think that the study
of these properties is important because they open important avenues in
the research of linear and nonlinear difference equations with advance.
2. NOTATIONS AND PRELIMINARIES
r r  In what follows, V will denote the vector space R or C . The symbol x
 will denote a fixed norm of x	 V; for a r r matrix A, A will denote
the corresponding matrix norm. The following sequential spaces will be
used
     l  f : N V , f   , f  sup f n : n	N 4  4Ž .
and

1 11    l  f : N V , f   , f  f n .Ž . 4 Ý
n0
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11Ž . Ž .For a sequence  n of possible numbers we define  n  , and
 nŽ .
 1     1 l  f : N V ,  f	 l , f   f . 4 
 Ž .4 Ž .In the following,  n will denote the fundamental matrix of Eq. 6 ,
n1 1
 n  A s , n
 0, A s  I ,Ž . Ž . Ž .Ł Ł
s0 s0
where I denotes the identity matrix. We define
 1     1 l  f : N V , f	 l , f   f . 4 
 We recall the following definition 4 :
 Ž .4 Ž .DEFINITION 1. A sequence of r r matrices  n ,  0  I, isn0
Ž .called a generating matrix of Eq. 1 , in the space S , iff the following
holds:
Ž .  Ž .4 Ž .i The sequence  n is a solution of the Eq. 1 on N,
Ž . Ž .ii  n is invertible for all values of n	 N,
Ž .  Ž .4 Ž . Ž Ž ..iii  n 	 S , where  n   n .i j i j
Ž .The notion of a generating matrix of Eq. 1 plays a more modest role
Ž . Ž . Ž .than the fundamental matrix  n of Eq. 6 :  n  does not involve all
Ž .the solutions of Eq. 1 , but it gives a subspace of solutions belonging to S .
In the forthcoming Theorem 3 of existence of ordinary dichotomies to
Ž .equations with advance, in order to obtain all the solutions of Eq. 1
belonging to S by means of a generating matrix , we will use the
following hypothesis:
Ž . Ž .H2 For eery initial condition 	 V, the initial alue problem 7 has
a unique solution in the space S .
 Ž .The space S l that we have used in the example 2 does not satisfyn
Ž .H2 . Nevertheless, most of the results of this paper do not require this
hypothesis.
  Ž .In 4 , the following list of spaces satisfying condition H2 is given:
Ž . T1 l , if the following conditions are satisfied,
n
1 n  m M , n	N, M B n  1. 4Ž . Ž . Ž .Ý
m0
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Ž . T2 l , if the following conditions are satisfied,
1 n  m  K n 	 m ,Ž . Ž . Ž . Ž .

n
m , K  g m 	 m 1 B m  1.Ž . Ž . Ž .Ž .Ý
m0
Ž . T3 l , if

1 n 1 B n  g n  1.Ž . Ž . Ž .Ž .Ý
n0
 In ref. 4 a method of construction of generating matrices is given. We
Ž .use this method in construction of the generating matrix of Eq. 35 .
3. NONHOMOGENEOUS EQUATIONS WITH ADVANCE
 Ž .4 Ž .Let  n be a generating matrix of Eq. 1 in the space S . In this
Ž .section we will seek a solution of Eq. 8 in the form
 n1
1y n   n  j 1 f j ,Ž . Ž . Ž . Ž .Ý Ý k
k0 j0
 Ž .4where f n is an unknown sequence to be determined.k
Ž .LEMMA 1. Let us define the sequence z n by
n1
1z n   n  j 1 f j .Ž . Ž . Ž . Ž .Ý
j0
 Ž .4Then z n satisfies
z n 1  A n z n  B n z g n  f nŽ . Ž . Ž . Ž . Ž . Ž .Ž .
Ž .g n 1
1 B n  g n  j 1 f j .Ž . Ž . Ž . Ž .Ž . Ý
jn
Proof. The proof can be obtained by a straightforward calculation.
Ž . Ž .Consequently, let us define f n  f n and0
Ž .g n 1
1f n  B n  g n  m 1 f m , for k 1, 2, . . . .Ž . Ž . Ž . Ž . Ž .Ž . Ýk k1
mn
9Ž .
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 Ž .LEMMA 2. If f	 l , then from conditions H1 and
1H3 B n  g n  j 1  r , n j g n  1,Ž . Ž . Ž . Ž . Ž .Ž .
we hae the estimate
k  f n  Nr f , n	 N , k	 N. 10Ž . Ž . Ž .k
Moreoer, if Nr 1, then the series

f n 11Ž . Ž .Ý k
k0
conerges uniformly on all of N.
Ž .Proof. For k 0, formula 10 follows from f  f. Let us assume this0
Ž . Ž .formula valid for k 1. From the definition of f , H1 , and H3 we havek
Ž . Ž .g n 1 g n 1
k1 k    f n  r f j  r Nr f  Nr f .Ž . Ž . Ž . Ž .Ý Ýk k1
jn jn
Ž . Ž .If Nr 1, then the convergence of series 11 follows from 10 .
Ž . Ž .THEOREM 1. Suppose that the hypotheses H1 , H3 are fulfilled and
 Ž .4 f n 	 l . Then Nr 1 implies that
 n1
1y n  n   n  j 1 f j 12Ž . Ž . Ž . Ž . Ž . Ž .Ý Ý k
k0 j0
is a solution of the initial alue problem
y n 1  A n y n  B n y g n  f n , y 0   . 13Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
Proof. We have to verify that the sequence
 n1
1z n   n  j 1 f jŽ . Ž . Ž . Ž .Ý Ý k
k0 j0
Ž . Ž .satisfies Eq. 8 . From Lemma 1 and the definition of f n , it follows thatk
 n
1z n 1   n 1  j 1 f jŽ . Ž . Ž . Ž .Ý Ý k
k0 j0
 n1
1 A n  n  j 1 f jŽ . Ž . Ž . Ž .Ý Ý kžk0 j0
Ž .g n 1
1B n  g n  j 1 f j  f n  f n .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ý k k k1 /j0
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Ž .From the convergence of series 11 given by Lemma 2, we obtain

f n  f n  f n , n	N.Ž . Ž . Ž .Ž .Ý k k1
k0
Ž . Ž .This shows that 12 is a solution of 13 .
We emphasize the important fact that Theorem 1 does not require the
Ž .hypothesis H2 . This will also be the case in the forthcoming Theorem 2.
4. ORDINARY DICHOTOMIES
Ž .DEFINITION 2. We shall say that Eq. 1 has an ordinary dichotomy in
Ž . Ž .the sequential space S iff there exist a generating matrix  n of Eq. 1
in S , a projection matrix P, and a constant K
 1, such that
1 n P m 1  K , nm ,Ž . Ž .
14Ž .
1 n I P  m 1  K , m
 n.Ž . Ž . Ž .
Ž .Equation 2 furnishes two elementary examples of existence of such
Ž .dichotomies. According to Definition 1, each column of matrix  n is a
Ž .sequence belonging to S . If P 0, the first estimate of the definition 14
Ž . Ž . implies that  n P is solution of Eq. 1 in the space l . Thus, if P 0,
the sequential space S satisfies S l. As it stands, this definition
 looks similar to that of the ordinary dichotomy for difference equations 1 .
In such a case it is easy to give examples where this dichotomic behavior
appears, for example, in systems with constants coefficients, diagonal
Ž .systems, etc. This is not the situation in Eq. 1 , even in the case of
constant coefficients, since equations with advanced argument are rarely
 solved in explicit form 4, 5 .
In Definition 1, something occurs that is specific to ordinary di-
chotomies for equations without advance, that is, its close relation to the
Ž . 1  Ž .4  existence of bounded solutions of Eq. 8 for an l -sequence f n 3 .
Ž . Ž .LEMMA 3. Let  n be a generating matrix of Eq. 1 in space S
Ž . Ž .  4 Ž . 1satisfying H1 and H3 . If f is the sequence defined by 9 , then f	 lk
implies
n1 n1kN
kf j  Nr f j , 15Ž . Ž . Ž . Ž .Ý Ýk
j0 j0
and
 
kf j  Nr f j , k 0, 1, 2, . . . . 16Ž . Ž . Ž . Ž .Ý Ýk
jn jn
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Ž . Ž . Ž .Proof. Formulas 15 and 16 are easily verified for k 0. If 15 is
Ž . Ž .valid for k, then for k 1 we use H1 and H3 to conclude that
Ž .g j 1n1 n1
1f j  B j  g j  m 1 f mŽ . Ž . Ž . Ž . Ž .Ž .Ý Ý Ýk1 k
j0 j0 mj
Ž .g j 1n1 n1N
 r f m Nr f jŽ . Ž .Ý Ý Ýk k
j0 mj j0
Ž .n1 k1 N
k1 Nr f j .Ž . Ž .Ý
j0
Ž .Let us accept 16 for a natural k. For k 1 we have
Ž .g j 1 
1f j  B j  g j  m 1 f mŽ . Ž . Ž . Ž . Ž .Ž .Ý Ý Ýk1 k
jn jn mj
Ž .g j 1 
 r f m Nr f jŽ . Ž .Ý Ý Ýk k
jn mj jn

k1 Nr f j .Ž . Ž .Ý
jn
Ž . Ž .LEMMA 4. Suppose that the Eq. 1 has the dichotomy 14 . Then for any
f	 l1 the sequence
n1 
1 1y n   n P j 1 f j   n I P  j 1 f jŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý Ý
j0 jn
belongs to the space l and satisfies
y n 1  A n y n  B n y g n  f nŽ . Ž . Ž . Ž . Ž . Ž .Ž .
Ž .g n 1
1 B n  g n  j 1 f j . 17Ž . Ž . Ž . Ž . Ž .Ž . Ý
jn
Ž .Proof. Using 14 , we obtain
n1 n1
11   n P j 1 f j  K f j  K fŽ . Ž . Ž . Ž .Ý Ý
j0 j0
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and
 
11   n I P  j 1 f j  K f j  K f .Ž . Ž . Ž . Ž . Ž .Ý Ý
jn jn
 Ž .These estimates imply that y	 l . For y n 1 we obtain
y n 1  n 1 P n 1 f nŽ . Ž . Ž . Ž .
n1
1  n 1 P j 1 f jŽ . Ž . Ž .Ý
j0
 n 1 I P 1 n 1 f nŽ . Ž . Ž . Ž .

1  n 1 I P  j 1 f j .Ž . Ž . Ž . Ž .Ý
jn
Since
I n 1 P1 n 1  n 1 I P 1 n 1 ,Ž . Ž . Ž . Ž . Ž .
then
y n 1  f n  A n  n  B n  g nŽ . Ž . Ž . Ž . Ž . Ž .Ž .
n1
1 P j 1 f jŽ . Ž .Ý
j0
 A n  n  B n  g nŽ . Ž . Ž . Ž .Ž .

1 I P  j 1 f j ,Ž . Ž . Ž .Ý
jn
Ž .from whence 17 follows.
Formally, let us define the dichotomic operator
 n1
1T f n   n P j 1 f jŽ . Ž . Ž . Ž . Ž .Ý Ý kžk0 j0

1  n I P  j 1 f j , 18Ž . Ž . Ž . Ž . Ž .Ý k /jn
 4 Ž .where the sequence f is defined by 9 .k
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Ž .THEOREM 2. Suppose that Eq. 1 has an ordinary dichotomy with
Ž . 1 Ž .projection P and a generating matrix  n in the space S . If f	 l , H1 ,
Ž . Ž .Ž . Ž .H3 , Nr 1 are satisfied, then T f n is a bounded solution of Eq. 8 .
Proof. From Lemma 3 and f	 l1, we conclude
n1 n1kN
k1 n P j 1 f j  K Nr f jŽ . Ž . Ž . Ž . Ž .Ý Ýk
j0 j0
k 1  K Nr f ,Ž .
and
 
k1 n I P  j 1 f j  K Nr f nŽ . Ž . Ž . Ž . Ž . Ž .Ý Ýk
jn jn
k 1  K Nr f .Ž .
Therefore
 2 K1k 1 T f n  K 2 Nr f n  f . 19 4Ž . Ž . Ž . Ž . Ž .Ý 1Nrk0
Ž . Ž .Thus, the series 18 defining T f converges uniformly on N. Now, we
Ž . Ž .will prove that T f is a solution of Eq. 8 . From
 n
1T f n 1   n 1 P j 1 f jŽ . Ž . Ž . Ž . Ž .Ý Ý kž
k0 j0

1  n 1 I P  j 1 f jŽ . Ž . Ž . Ž .Ý k /
jn1
we obtain

T f n 1  A n T f n  B n T f g n  f nŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ý k
k0
Ž .g n 1
1 B n  g n  j 1 f nŽ . Ž . Ž . Ž .Ž .Ý Ý k
k0 jn
 A n T f n  B n T f g nŽ . Ž . Ž . Ž . Ž . Ž .Ž .

 f  f n .Ž . Ž .Ý k k1
k0
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Ž .Lemma 2 implies the convergence of the series 11 . Therefore
T f n 1  A n T f n  B n T f g n  f n .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .
5. EXISTENCE OF ORDINARY DICHOTOMIES
As it stands, Theorem 2 has limited interest, unless we are able to
indicate some sufficient conditions of existence of an ordinary dichotomy
Ž .for Eq. 1 . In this series, we will develop such a theory relying on the
 notion of admissibility introduced by Massera and Schaffer 8 .¨
Ž .DEFINITION 3. We shall say that the pair M , N of complete and
Ž .normed sequential spaces is admissible to Eq. 1 , iff for any f	 N there
Ž .exists a solution of Eq. 8 belonging to M.
 Let S be a complete normed space with norm 
 . We will endow theS
space l S with the norm
      4x *max x , x . S
In the proof of the following theorem we will use the following hypothesis
Ž .  Ž .4  Ž .4H4 Let z n be a sequence contained in the space S . If y n is a
Ž . Ž .sequence such that y n  z n for n
m, where m is a natural number
 Ž .4  Ž .4depending on the sequence y n , then y n 	 S .
Ž . Ž . Ž . Ž .THEOREM 3. Let us assume the conditions H1 , H2 , H3 , H4 . If the
Ž  1. Ž . Ž .pair l  S , l is admissible for Eq. 1 , then Eq. 1 has an ordinary
Ž .dichotomy in the space S with a unique generating matrix  n .
 Proof. We will follow the proof of Proposition 3.1 in Coppel 3 with
Ž .some non-obvious modifications. From condition H2 it follows the exis-
Ž .tence of a generating matrix of Eq. 1 giving all the solutions of this
equation in the space S . This generating matrix is uniquely defined. Let
us define
U 	 V :  n 	 l S . 4 4Ž .
 Let Q be a projection such that UQ V . Let us define the supplemen- 
Ž .  1tary subspace W IQ V . For every f	 l , there exists x , a f
Ž .  Ž .bounded solution of Eq. 8 belonging to l  S , such that x 0 	W.f
Ž . ŽFrom hypothesis H2 such a solution is unique this is the crucial place
Ž . .where the stringent condition H2 is used . Let us define the linear
1  Ž . 1operator T : l  l  S , where T f  x . Let f  f in l and x f n 0 n
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x  z in l S . Fromf n
x j 1  A j x j  B j x g j  f jŽ . Ž . Ž . Ž . Ž . Ž .Ž .n n n n
we obtain
z j 1  A j z j  B j z g j  f j .Ž . Ž . Ž . Ž . Ž . Ž .Ž . 0
Ž . Ž .  Ž .4 Since x 0 	W, then z 0 	W. Also z n 	 l  S . This means thatf n
x  z. Thus, T has a closed graph. Thereforef 0
 1 T f  T f * K f 20Ž . Ž . Ž .
for some constant K 0. Let us define the Green function
 n Q 1 m 1 , nm ,Ž . Ž .G n , m Ž . 1½ n IQ  m 1 , m
 n.Ž . Ž . Ž .
Ž . Ž .For a fixed m	N, we define h m   and h n  0 if m n, where 
1 Ž .is a fixed vector of V. Clearly h 	 l . The sequence y n 
 Ž . Ž . Ž .Ý G n, m h m is bounded, because for nm it coincides with z nm0
Ž . 1Ž . Ž . n Q  m h m , a bounded sequence, according to the definition
Ž . Ž .of the projection Q . Since the sequence z n belongs to S and y n 
Ž . Ž .  Ž .4z n for nm, then from H4 we obtain y n 	 S . Consequently
 Ž . Žy	 l  S . In addition to these properties, we have y 0  I
. Ž . Ž .  Ž .4Q  m 1 h m 	W. Finally, we observe that y n is a solution of
Ž .Eq. 8 with
Ž .g n 1
1f n  h n  B n  g n  j 1 h j .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ý
jn
1 Ž .    1 Ž .Since f	 l , from 20 we obtain y  K f . But, the conditions H1
Ž .  1       Ž .  and H3 yield f   Nr  . Therefore y  K 1Nr  . This
 Ž .  Ž .  last estimate implies G n, m   K 1Nr  , n, m, from whence the
Ž .ordinary dichotomy 14 follows.
 Theorem 3 and the results of 4 allow us to establish a criterion of
Ž .existence of an ordinary dichotomy to Eq. 1 starting from the existence of
Ž . Ž .such a dichotomy to Eq. 6 . Let us assume that Eq. 6 has the ordinary
dichotomy
1 n Q m 1  K , nm ,Ž . Ž .
21Ž .
1 n IQ  m 1  K , m
 n ,Ž . Ž . Ž .
where Q is a projection and K
 1 is a constant.
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Let us consider the integral equation
n1 
1 1y n  n Q j 1 f j  IQ  j 1 f jŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýž j0 jn
n1
1 Q j 1 B j y g jŽ . Ž . Ž .Ž .Ý
j0

1 IQ  j 1 B j y g j . 22Ž . Ž . Ž . Ž . Ž .Ž .Ý /jn
Ž . Ž .LEMMA 5. If Eq. 6 has the dichotomy 21 and

K B m  1, 23Ž . Ž .Ý
m0
1 Ž . then for eery f	 l , the integral Eq. 22 has a unique solution in the space l
Ž .that is a solution of Eq. 8 .
Proof. The proof follows from standard arguments of the Banach fixed
point theorem.
Ž . Ž .LEMMA 6. Let us assume H1 . If the fundamental matrix  n satisfies
11 n  m  K n  m , n
m , 24Ž . Ž . Ž . Ž . Ž .
 Ž .4and the sequence B n satisfies, for some positie r,

1K  g m  m 1 B m  r2, 25Ž . Ž . Ž . Ž .Ž .Ý
m0
and

1K B n  g n  g k  k 1 B k  r2, n , 26Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý
kn
Ž . Ž .  Ž .then Eq. 1 has a generating matrix  n in l satisfying H3 .
Ž .Proof. Condition 25 implies the existence of a unique generating
Ž .  Ž  .matrix  n in the space l the complete proof is contained in 4 . Also,
 4 obtained the asymptotic formula
 n 1 m  n 1 m  R n , m , n
m , 27Ž . Ž . Ž . Ž . Ž . Ž .
where

1R n , m  K n  g k  k 1 B k .Ž . Ž . Ž . Ž . Ž .Ž .Ý
km
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Ž . Ž . Ž .This estimate together with 25 , 26 , 27 implies
1B n  g n  j  r , n	N ,Ž . Ž . Ž .Ž .
Ž .from whence H3 follows.
Remark. There are two situations we would like to note. The first
Ž .concerns the definition of an ordinary dichotomy to Eq. 1 . Since the
Ž . Ž .matrices A n are invertible, then the solutions of Eq. 1 have the
property of backward continuation. From here we may conclude that an
Ž .  .ordinary dichotomy of Eq. 1 , defined on the interval n , , n  0, can0 0
Ž .be extended to N. Thus, instead of 23 , we may assume the condition
 Ž .4 1 Ž . Ž .B n 	 l . The second remark concerns the conditions 25 , 26 , and
Ž .  Ž .423 . If the following requirement on  n is imposed, that there exists a
positive constant M 0 such that
 mŽ .
M , nm nN 1, 28Ž .
 nŽ .
Ž . Ž . Ž .  Ž .4 1then conditions 25 , 26 , 23 reduce to B n 	 l . A large class of
 Ž .4 Ž . n k nsequences  n satisfies 28 : r , n r , etc.
Now, we may state the central result of this paper:
Ž . Ž .THEOREM 4. Let us assume that Eq. 6 has the ordinary dichotomy 21 ,
Ž . Ž . Ž .H1 , 24 , 28 , and
 n 
   0, n	N. 29Ž . Ž .0
Ž .Under these conditions Eq. 1 has an ordinary dichotomy with a generating
matrix  in the space l and projection Q . 
Ž . Ž . Ž .Proof. According to Lemma 6 the conditions 24 , 25 , and 26 imply
Ž . the existence of a generating matrix  n on the space S l satisfying
Ž . Ž  1.H3 . From Lemma 5 it follows the admissibility of the pair l , l . From
Ž .   Ž  1.condition 29 we have l  l , implying the admissibility of l  S , l
Ž . Ž . 1for Eq. 1 . Hypothesis H4 certainly is satisfied for the space S l . On
Ž . Ž . Ž .the other hand conditions 24 , 25 imply that the initial value problem 7
 Ž .has a unique solution in the space l , implying the hypothesis H2 . Thus
all the conditions of Theorem 3 are satisfied, which implies the existence
Ž . of an ordinary dichotomy of the Eq. 1 in the space l with projection Q , 
 where Q V is the subspace of initial conditions corresponding to the
Ž .bounded solutions of Eq. 1 contained in l .
A more general problem than that solved by Theorem 4 arises: let us
Ž . Ž .assume that Eq. 1 has an ordinary dichotomy 14 in a space S , with a
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Ž .generating matrix  n . We ask under which conditions the equation
y n 1  A n  C n y n  B n D n y g n 30Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .
Ž .has an ordinary dichotomy in S . We assume in Eq. 30 that the matrices
Ž Ž . Ž ..A n  C n are invertible.
Ž .THEOREM 5. If Eq. 1 has an ordinary dichotomy with a generating
 Ž . Ž .matrix  in a space S , such that l  S and conditions H1  H4 are
fulfilled, then Nr 1 and
2 K
C n  D n  1, 31Ž . Ž . Ž .Ž .Ý1Nr k0
Ž .imply the existence of an ordinary dichotomy to Eq. 30 on the space S, with
projection Q and generating matrix .
Proof. According to Theorem 3, we have to prove the admissibility of
Ž  1. Ž 1. Ž . 1the pair l  S , l  S , l to Eq. 30 . For f	 l , let us consider the
operator U defined by
   U x  T f  T C 
 x 
  T D 
 x g 
 .Ž . Ž . Ž . Ž .Ž .
Ž .From the estimate 19 we obtain that
2 K 1 11     U x  f  C n  D n x . 4  4Ž . Ž .ž /ž /1Nr
  Ž .This implies U : l  l . Again using 19 we may write
2 K 1 1     U x U y  C n  D n x y . 4  4Ž . Ž .ž /1Nr
Ž .Hypothesis 31 implies that U is a contraction. The fixed point x of thisf
Ž .operator is a bounded solution of Eq. 30 . Thus, the admissibility of the
 1Ž . Ž .pair l  S , l to Eq. 30 has been proven.
6. EXAMPLES
Ž .In general, the solutions of Eq. 1 cannot be written explicitly. This
obstacle is encountered even in the scalar equations with advance. Thus, it
is desirable to have examples of equations with advance where the devel-
oped theory can be exhibited. We will consider the system
n 0 0 0y n 1  y n   n y g n , n
 1, 32Ž . Ž . Ž . Ž . Ž .Ž .ž / ž /0 1 1 0
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Ž .where the solutions can be found explicitly, since Eq. 32 can be split into
two equations without advanced argument,
y n 1  ny n  c nŽ . Ž . Ž .1 1 1 33Ž .½ y n 1  y n   n y g n  c n .Ž . Ž . Ž . Ž . Ž .Ž .2 2 1 1
Ž .Any generating matrix of 32 coincides with
n 1 ! 0Ž .
n1
 n  .Ž .
 j g j  1 ! 1Ž . Ž .Ž .Ý 0
j0
Let us consider the equation
c nŽ .1n 0 0 0y n 1  y n   n y g n  . 34Ž . Ž . Ž . Ž . Ž .Ž .ž / ž /0 1 1 0 ž /c nŽ .2
Ž .To the nonhomogeneous Eq. 34 , let us define
0Ž .g n 1c1 c mŽ .f  , f n   n g n  1 ! ,Ž . Ž . Ž .Ž . 1Ý0 1cž /2  0mn m!
0f  , k
 2.k ž /0
Ž .In this example we observe that series 12 converges for any sequence
 Ž .4 Ž .f n and gives the solution of the nonhomogeneous Eq. 34 , with initial
condition  0,
n 1 !c jŽ . Ž .1
n1 j!
y n  .Ž . Ý n1c jŽ .1j0  m g m  1 ! c jŽ . Ž . Ž .Ž .Ý 2 0j! mj1
Ž .This solution can be verified from Eq. 33 .
Ž . Ž .It is clear that the series 12 will give the solution to problem 13 in
other situations; for example, the equation
c nŽ .1n 0y n 1  y n  B n y g n  ,Ž . Ž . Ž . Ž .Ž .ž /0 1 ž /c nŽ .2
B n   n ,Ž . Ž .
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Ž .can be solved by means of series 12 , although it is not clear how to obtain
the explicit solution of this equation.
Ž .Turning back to Eq. 32 it is easy to verify that condition
0 0 1 n  g n  m 1Ž . Ž . Ž .Ž .ž /1 0
n11
  j g j  1 !Ž . Ž .Ž .Ýn 1 !Ž . j0
n11
1   j jN 1  rNŽ .Ýn 1 !Ž . j0
Ž .implies that Eq. 32 has an ordinary dichotomy with projection matrix
c nŽ .1 4 Ž .P diag 0, 1 on any sequential space S . Therefore, for every c nŽ .2
1 Ž . Ž .contained in l , Eq. 34 has a bounded solution given by the operator 18 ,
0
n1
j1c jŽ .1T f n Ž . Ž . Ý c j   m g m  1 !Ž . Ž . Ž .Ž .Ý2j1  0j! m1
n 1 !c jŽ . Ž .1
 j
 .Ý n1c jŽ .1jn  m g m  1 !Ž . Ž .Ž .Ý 0j! m1
Ž .This solution can also be obtained by a direct integration of Eq. 34 .
In a second example, we wish to analyze a true equation with advanced
argument,
a n 0 b n 0Ž . Ž .1 1y n 1  y n  y g n .Ž . Ž . Ž .Ž .ž / ž /0 a n 0 b nŽ . Ž .2 2
This equation can be decoupled into two scalar equations,
y n 1  a n y n  b n y g n , i 1, 2, 35Ž . Ž . Ž . Ž . Ž . Ž .Ž .i i
 Ž .4 Ž .where the complex value sequence a n satisfies a n  0 for all n.i i
Explicit solution of these equations are obtained in particular cases only.
 Let us recall the results expounded in 4 . If
n1
 n  a k ,  n   n ,Ž . Ž . Ž . Ž .Łi i i i
k0
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then we define the series

j 0 n   n ,   , 36Ž . Ž . Ž .Ýi i i i
j0
where the  j are defined byi
 j n 1  a n  j n  b n  j1 g n , j
 1,Ž . Ž . Ž . Ž . Ž .Ž .i i i i i
j½  0  0.Ž .i
Ž . Ž .It is easy to see that series 36 is a formal solution of Eq. 35 . If
Ž .g m 1
2  a k b m  1, 37Ž . Ž . Ž .Ý Łi i i
km1m0
Ž . 1then the series 36 converges in the space l and represents the generat- i
Ž .ing matrix of the scalar Eq. 35 in this space. Besides, the following
formula is valid
 n  n I O  , 38Ž . Ž . Ž . Ž .Ž .i i i i
 Ž .  Ž . Ž .  Ž . Ž .4where O     1  . The sequence  n  diag  n , n isi i i i 1 2
Ž . 1 1the generating matrix of Eq. 35 in the space S l  l . Let us define 1 2
 4 Ž .P diag 1, 0 . From 38 it follows
n1
1 n P m  K a k , nm ,Ž . Ž . Ž .Ł 1
km
m1
11 n I P  m  K a k , m
 n.Ž . Ž . Ž . Ž .Ł 2
kn
Ž . n1  Ž .  n1  Ž . Therefore if conditions 37 and Ł a k  K, Ł a k 
 K, n
km 1 km 2
Ž .m, K constant, are fulfilled, then Eq. 35 has an ordinary dichotomy.
This example can be extended to diagonal systems of higher order,
whose importance has been recognized in the theory of difference equa-
 tions 2 .
Our third example concerns the equation
y n 1  Ay n  B n y g n , 39Ž . Ž . Ž . Ž . Ž .Ž .
where A is a constant and nonsingular matrix. It is well known that the
system with constant coefficients
x n 1  Ax n , 40Ž . Ž . Ž .
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has an ordinary dichotomy iff the eigenvalues of A satisfying Re  0 are
Žsemisimple that is, the Jordan boxes corresponding to eigenvalues satisfy-
.ing Re  0 are one dimensional . Under this condition there exists a
projection matrix P such that
 nm A P  K , nm ,
nm nmA I P  Kr , m
 n , r 1.Ž .
Ž .We ask for a space S , in which a generating matrix  n can be defined
in order to give sufficient conditions of existence of an ordinary dichotomy
Ž .  Ž . n  Ž .4 1to Eq. 39 . Let S l , where  n  r . If B n 	 l , then all the
conditions of Theorem 4 are fulfilled, implying the existence of an ordinary
Ž .dichotomy to Eq. 39 .
THEOREM 6. If the eigenalues of matrix A satisfying Re  0 are
Ž . 1 Ž .semi-simple, then the condition B n 	 l implies that Eq. 39 has an
 Ž . nordinary dichotomy in the space l ,  n  r .
6.1. Other Classes of Dichotomies
It is clear that the method of generating matrices employed in this paper
can be used to study other classes of dichotomic behaviors. For example,
Ž .the study of the exponential dichotomy to Eq. 1 is of great interest. Our
method is also applicable to the study of discrete dichotomies, which are
 important in asymptotic problems 12 . Example 2 of this section suggests
the possibility of studying diagonal systems of equations with advance,
Ž .  where a Levinson theory for Eq. 1 seems to be possible 2 .
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